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We consider two interacting quantum dots coupled by standard s-wave superconductors. We
derive an effective Hamiltonian, and show that over a wide parameter range a degenerate ground
state can be obtained. An exotic form of Majorana bound states are supported at these degeneracies,
and the system can be adiabatically tuned to a limit in which it is equivalent to the one-dimensional
wire model of Kitaev. We give the form of a Majorana bound state in this system in the strong
interaction limit in the many-particle picture. We also study the Josephson current in this system,
and demonstrate that a double slit-like pattern emerges in the presence of an extra magnetic field.
This pattern is shown to disappear with increasing interaction strength, which is due to the current
being carried by chargeless Majorana bound states.
I. INTRODUCTION
The idea of protected ground state degeneracies in con-
densed matter systems has attracted much interest re-
cently. It is proposed that in a p-wave superconductor
where both spin and particle-hole degeneracy are absent,
a zero-energy state called the Majorana bound state can
appear. This elusive quasiparticle obeys non-Abelian
statistics [1], and thus could serve as a qubit building
block for topological quantum computation [2–4]. While
p-wave superconductors are rare, nanotechnology opens
the possibility to design this unconventional supercon-
ducting state using suitable combinations of materials.
With these prospects in mind, the hunt for Majo-
rana bound states is stronger than ever, and there is
much experimental activity to realize proposed schemes
that contain these particles. Recent work includes
superconductor-topological insulator systems [5] and
semiconductor nanowires in the presence of a strong Zee-
man and Rashba spin orbit field [6–8] or a quantum dot
system [9–11]. Experiments demonstrating zero bias con-
ductance peaks in nanowire systems [12, 13], and super-
currents [14], Fraunhofer patterns and Shapiro steps [15],
and SQUIDs [16] in superconductor-topological insulator
devices are steps towards the definitive detection of a Ma-
jorana bound state. More recent experiments [17] have
provided even stronger evidence for Majoranas in fabri-
cated iron atomic chains on superconducting lead, how-
ever no evidence of braiding has yet been demonstrated.
Superconductor-quantum dot devices have several ad-
vantages over other proposed systems to support Majo-
rana bound states. These systems can be lithographi-
cally defined, are strongly gate tunable and are readily
operated in the few electron regime. The superconduct-
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FIG. 1. Schematic design of the hybrid superconductor quan-
tum dot system. A Josephson junction is formed by connect-
ing a double quantum dot on both sides to superconducting
leads. The strength of the Zeeman spin splitting in the quan-
tum dots is determined by the external field and the stray
field of the nanomagnet. We note that fields EZ ≈ kBT are
sufficient for the realization of Majorana bound states. The
superconducting leads form a loop, as in a RF SQUID ge-
ometry, which allows to perform a current-phase relationship
measurement. The possible trajectories in the junction that
determine the total supercurrent are shown in the upper left.
Axes are defined in the bottom-left corner for future use.
ing proximity effect is also gate tunable, which allows
the stringent conditions for the presence of Majorana
bound states to be satisfied. Unfortunately, Majorana
bound states in the single particle formalism rely on a
strong Zeeman field in combination with strong spin-
orbit coupling [9, 10] (or a strong magnetic field gradient
between the dots mimicking the spin-orbit coupling [11]),
making the experimental realization a serious challenge.
Specifically, the Zeeman splitting biases towards the spin-
polarised Kitaev state [19], while the induced s-wave su-
perconducting gap ∆ biases against this state. This then
requires that the Zeeman splitting is large enough, so
that the bias towards the Kitaev state dominates. Recent
results [20] suggest the possibility of braiding Kramers
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2pairs of Majorana bound states. This relaxes the require-
ment for time-reversal symmetry breaking, but requires
protection from perturbations that mix these pairs in-
stead.
Fortunately, these requirements can be strongly re-
laxed as shown recently by Wright and Veldhorst [21],
who considered the effect of strong correlations for the
engineering of Majorana bound states. They demon-
strated that only vanishingly small anisotropic Zeeman
splitting, ∼ kBT , is required. The resulting Majorana
bound states are described in the many-particle formal-
ism, and although not strictly localized, they have the
property of a relaxed form of localization. Specifically,
the operator corresponding to a Majorana bound state
is localized to a single site with respect to single cre-
ation or annihilation operator terms, but is necessarily
non-local with respect to number operator terms. Since
number operators do not gain a phase during braiding
operations, the Majorana bound states retain a local rel-
ative phase, which is responsible for their non-Abelian
behaviour. These results open new perspectives for the
realization of Majorana bound states. Therefore, a rigor-
ous derivation of how the Majorana bound states behave
in transport measurements and in the presence of mag-
netic fields is highly valuable.
In this paper, we explore the superconductor-double
quantum dot system in detail, and in particular the re-
gions where Majorana bound states are predicted to ap-
pear. We start by considering two quantum dots proxim-
ity coupled to superconducting leads in the presence of an
anisotropic magnetic field and derive an effective Hamil-
tonian. We investigate thoroughly the form of the exci-
tation operators at a degeneracy point, and present con-
crete arguments for their being Majorana bound states.
This discussion is based on the many-particle require-
ments for a Majorana bound state, and the existence
of a continuous transition between this system and Ki-
taev’s ground-breaking model. Finally, we investigate the
Josephson supercurrent that may provide experimental
evidence for Majorana bound states in these systems.
II. DEVICE LAYOUT
Fig. 1 shows a schematic design of the considered sys-
tem. A Josephson junction is realized by connecting a
double quantum dot on both sides to a superconducting
lead. Two magnetic fields are present; a ’local’ magnetic
field produced by the stray fields of the nanomagnet to-
gether with an ’external’ field from another source. To-
gether, these determine the Zeeman splitting EZ in the
dots and define the spin quantization axis, as well as de-
termining the flux ΦJ through the quantum dot Joseph-
son junction and the flux ΦS through the superconduct-
ing ring. Anisotropy in the local magnetic field due to
the position and strength of the nanomagnet allows for
a nonzero angle θ between the spin axis of the quantum
dots. We will show that Majorana bound states appear
in small magnetic fields, EZ ≈ kBT , and for any non-zero
θ.
An important measure of the system is the supercur-
rent that can flow through the quantum dots via the
superconducting proximity effect. This supercurrent is
dependent on the flux ΦJ through the junction, and the
superconducting phase difference φ− = φ1 − φ2. The su-
perconducting phase φ− can be tuned via the flux ΦS
through the loop of the superconducting leads. This lay-
out is similar in design to an RF SQUID consisting of a
Josephson junction, and has often been used to measure
the current phase relation (CPR). Since the protection
of the Majorana bound states in this system is via parity
conservation, this arrangement of a closed loop without
macroscopic leads to the outside world should minimize
quasiparticle poisoning.
The possible trajectories of quasiparticles in the system
that determine the supercurrent through the junction are
shown in Fig. 1. A Cooper pair can tunnel from the su-
perconducting lead to a quantum dot via Andreev reflec-
tion (AR) or split over the two quantum dots via crossed
Andreev reflection (CAR). Quasiparticle tunneling be-
tween the quantum dots, via the superconducting leads,
is called elastic co-tunneling (EC). Interestingly, CAR is
unaffected by the magnetic field through the junction,
such that the supercurrent dependence on ΦJ is deter-
mined by AR and EC. The superconducting phase differ-
ence φ− controlled by ΦS , however, only affects AR and
CAR, but not EC. We will show that these dependencies
lead to novel current-phase relationships and results in a
strong flexibility to realize Majorana bound states.
The requirement for only small Zeeman splitting gives
several advantages over other quantum dot Majorana
bound state proposals. Firstly, it opens a wider range
of suitable materials. Experimentally, supercurrents
through quantum dots formed in carbon nanotubes[22],
InAs nanowires [23], InAs quantum dots [24], and
graphene [25] have been observed, making them poten-
tial candidates to observed the many-particle Majorana
bound states. Secondly, the experimental conditions are
strongly relaxed, since the conditions where Majorana
modes arise and CPR measurements are greatly simpli-
fied.
III. DERIVATION OF EFFECTIVE
HAMILTONIAN
The Hamiltonian describing the system shown in Fig.
1 is given by
H = HS +HD +HU +HT . (1)
We will describe each term in turn. The supercon-
ducting loop is modelled as a linear chain with chemical
potential µ, hopping strength tS , and superconducting
order parameter ∆Se
iφj . Note that whilst the magnitude
3∆S is expected to be constant throughout the supercon-
ductor, the superconducting phase φj will change as we
wind about the magnetic field ΦS . We write
HS = −ts
∑
〈i,j〉,σ
fˆ†iσ fˆjσ + µ
∑
j,σ
fˆ†jσ fˆjσ
+
∑
j
(∆Se
iφj fˆ†j↑fˆ
†
j↓ + h.c.). (2)
Here, 〈i, j〉 denotes pairs of nearest neighbors. We will
ultimately only be concerned with the phases on the ends
of the superconductors - let us label these φ1 and φN , and
φ± = φ1±φN . Importantly, the phase difference φ− can
be tuned to a high degree of accuracy by adjusting ΦS .
The dots (HD) have an on-site potential j , and are
considered in the presence of a small (but non-zero) mag-
netic field, leading to a Zeeman energy splitting EZ
HD =
2∑
j=1
∑
σ
j cˆ
†
jσ cˆjσ − EZ
∑
j
(cˆ†j↑cˆj↑ − cˆ†j↓cˆj↓). (3)
We consider the quantum dots to be operated in the
few electron regime, where a strong Coulombic repulsion
is present between two electrons on the same dot. We
model this as a Hubbard-style interaction
HU = U
2∑
j=1
cˆ†j↑cˆj↑cˆ
†
j↓cˆj↓. (4)
The two superconductors are coupled to the dots via
the proximity effect, which allows for electron tunneling
between either end of thesuperconductor and either dot:
HT =
∑
n={1,N}
∑
j={1,2}
∑
σ
Γn,j(fˆ
†
nσ cˆjσ + h.c.). (5)
We assume that the tunnel coupling Γn,j of the two dots
have the same amplitude Γ, and study the effect of fi-
nite phase difference. In practice this phase difference is
realized by the magnetic flux through the quantum dot
Josephson junction, as shown in Fig. 1. In the Peierls
substitution, the tunneling obtains a phase proportional
to the size of the field
Γn,j = Γ exp
(
−i pi
Φ0
∫ n
j
A · dr
)
. (6)
Here, Φ0 = h/2e is the magnetic flux quantum, and we
integrate along lines between the superconductors and
the dots (see Fig. 1). This is a slight simplification, as
the electrons do not strictly travel along any given line,
but the result is essentially the same. Choosing the gauge
A = −Byxˆ (refer to Fig. 1 for axis), we calculate
Γn,j = Γ exp
(
±ipiΦJ
Φ0
)
, (7)
where ΦJ is the enclosed flux, and the positive sign
is taken when the path travels anticlockwise about the
origin.
As all terms in the Hamiltonian involving the super-
conductors are quadratic, they may be removed to write
down an effective Hamiltonian for the dots via an integra-
tion over Grassman variables [26]. To do this, we write
down the partition function of the system
Z =
∫
D[Ψ¯,Ψ] exp(−S[Ψ¯,Ψ]), (8)
S[Ψ¯,Ψ] =
∫ β
0
dτ
[
Ψ¯∂τΨ +H[Ψ¯,Ψ]
]
, (9)
where H is the functional form of the Hamiltonian.
Here, Ψ and Ψ¯ are vectors of Grassman variables, which
are the eigenvalues of the annihilation operators for some
Fermionic coherent state |ψ〉 [26]. We use the following
notation to separate the Grassman variables associated
with the dots from those associated with the supercon-
ductor,
cˆiσ|ψ〉 = ψiσ|ψ〉, fˆjσ|ψ〉 = φjσ|ψ〉. (10)
Then we can define
Ψ =
(
ψ
φ
)
, Ψ¯ =
(
ψ¯ φ¯
)
. (11)
Here ψ(φ) contains the ψiσ(φjσ) terms, and ψ¯ (φ¯) con-
tains their adjoints, which are defined by 〈ψ|cˆ†iσ = 〈ψ|ψ¯iσ
and 〈ψ|fˆ†jσ = 〈ψ|φ¯jσ. As we are dealing with a super-
conducting system, it is necessary to use an electron-hole
Nambu basis, and include the adjoint variables ψ¯iσ (φ¯jσ)
in the ψ (φ) vector (which doubles in size). We can then
expand H[Ψ¯,Ψ] into the terms from equation 1, replac-
ing Ψ with either ψ or φ depending on which species is
being considered. Furthermore, quadratic Hamiltonian
terms can be rewritten as matrix products, for example
HD[ψ¯, ψ]→ ψ¯HDψ. In this notation, our action becomes
S[Ψ¯,Ψ] =
∫ β
0
dτ
[
ψ¯∂τψ +HU [ψ¯, ψ] + ψ¯HDψ
+φ¯G−1φ+ ψ¯Mφ+ φ¯M†ψ] . (12)
Here, we have defined G−1 = ∂τ + HS , and split the
terms from HT into M , which contains the information
on tunneling from the superconductors to the dot, and
its adjoint M†. Note that we are treating each Grassman
4variable as independent from its corresponding adjoint.
We now shift all φ dependence to a single term by com-
pleting the square
S[Ψ¯,Ψ] =
∫ β
0
dτ
[
ψ¯∂τψ +HU [ψ¯, ψ] + ψ¯HDψ
+(φ¯G−1 + ψ¯M)G(G−1φ+M†ψ)− ψ¯MGM†ψ] .
(13)
The term containing the φ dependence may be inte-
grated out to give a constant [26]. Our effective Hamil-
tonian then consists of the original HD and HU terms,
and a new term which was the remainder from complet-
ing the square
Hnew[ψ, ψ¯] = −ψ¯MGM†ψ. (14)
This term can be evaluated via matrix multiplication,
but we must first specify a basis, which we do by ex-
plicitly writing down the vectors ψ and φ. The coupling
Hamiltonian HT only includes operators from the Nth
site of either superconductor, and thus non-zero contri-
butions will come only from products of matrix elements
from these sites. Equivalently, for our purposes we can
use a basis for φ which only includes the Nth site terms,
reducing it to a manageable size. We write
ψ¯ =
(
ψ¯1↑, ψ¯2↑, ψ¯2↓, ψ¯1↓, ψ1↑, ψ2↑, ψ2↓, ψ1↓
)
, (15)
φ¯ =
(
φ¯1↑, φ¯N↑, φ¯N↓, φ¯1↓, φ1↑, φN↑, φN↓, φ1↓
)
. (16)
We assume for now that no flux passes between the
dots (Γn,j = Γ), and then our coupling matrix M is
M = M† = Γ
(
MAA 0
0 −MAA
)
, (17)
MAA =
 1 1 0 01 1 0 00 0 1 1
0 0 1 1
 .
To calculate G, we use the Matsubara representation.
We make the following substitution
ψ(τ) =
1√
β
∑
ωn
ψne
−iωnτ , (18)
where ωn are the Matsubara frequencies ωn = (2n+1)
pi
β .
Then, we have ∂τ → −iωn, and we can calculate
G−1 =
(
GAA GAB
G†AB GBB
)
,
GAA = (µ− iωn)I, GBB = −(µ+ iωn)I,
GAB = ∆S

0 0 0 eiφ1
0 0 eiφ2 0
0 −eiφ2 0 0
−eiφ1 0 0 0
 .
The inverse to this matrix is
G = 1
µ2 + ω2n + ∆
2
S
( −GBB GAB
G†AB −GAA
)
, (19)
and from this we calculate
−MGM† = −Γ
2
µ2 + ω2n + ∆
2
S
×
(
MAA(iωn + µ)MAA −MAAGABMAA
−MAAG†ABMAA MAA(iωn − µ)MAA
)
,
M2AA = 2MAA,
MAAGABMAA = 2(e
iφ1 + eiφ2)
 0 0 1 10 0 1 1−1 −1 0 0
−1 −1 0 0
 .
It remains to invert the Fourier transform, but this will
return an action which is non-local in time
− 1
β
∑
n
ψ¯nMGM†ψn
= − 1
β2
∫ β
0
dτdτ ′
∑
n
ψ¯(τ)
(
MGM†)
n
ψ(τ ′)eiωn(τ
′−τ).
(20)
Only one summation over n needs to be computed, and
this can be performed using complex integration tech-
niques [26]: ∑
n
1
µ2 + ω2n + ∆
2
S
eiωn(τ−τ
′) (21)
=
β
e−Kβ + 1
1
K
e−K|τ−τ
′|, (22)
where K =
√
∆2S + µ
2. We then approximate this by the
following function
β
e−Kβ + 1
1
K2
δ(τ − τ ′). (23)
This allows us to write the action as
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FIG. 2. Surface plots of the even-odd excitation energy for various pairs of parameters in the double quantum dot. All include
the difference in the experimentally tunable superconducting angle φ−. Of interest are points where this energy is near zero
(white lines), as at these points we expect to find Majorana bound states. As our effective Hamiltonian is an approximation, we
should find corrections to the exact position of these lines at higher orders in our cumulant expansion (Eq.32), but whilst these
remain small, they will not break the degeneracy as they do not mix the even and odd sectors. (a): increasing the Coulomb
repulsion U gives a critical value above which a degenerate state is achieved for certain values of φ−. This critical U value is
dependent on the other parameters, here t = ∆, EZ = 0.001t, θ = 0, and then the critical value is approximately U = 3t (this
is exact when EZ = 0). (b): changing the spin-orbit coupling when EZ ≈ 0 has minimal impact on the ground state. When
EZ = 0, the spin rotation is simply a basis change, and does not affect the eigenstate energies. (c): there is a wide range of
t/∆ for which a degenerate ground state can occur (here at U = 5, θ = 0, EZ = 0.001). As U → 0, the range of degeneracy
shrinks, requiring a smaller and smaller effective hopping. For large U , the higher energy t/∆ degeneracy breaks away and
shifts towards t/∆ = ∞, and there is always some range of t/∆ where the degeneracy cannot be found. (d): increasing the
strength of the Zeeman splitting EZ can also take the system to a degeneracy. Here, t = ∆ = U/2.
6S[ψ¯, ψ] = Seff [ψ¯, ψ] + Spert[ψ¯, ψ] (24)
Seff [ψ¯, ψ] =
∫ β
0
dτ
[
ψ¯∂τψ +HU [ψ¯, ψ] + ψ¯HDψ − ψ¯ Γ
2
K2(e−Kβ + 1)
Mψ
]
(25)
Spert[ψ¯, ψ] =
∫ β
0
dτdτ ′ψ¯
(
Γ2
K2(e−Kβ + 1)
δ(τ − τ ′)− Γ
2
K(e−Kβ + 1)
e−K|τ−τ
′|
)
Mψ (26)
M =
(
MAA(−K + µ)MAA −MAAGABMAA
−MAAG†ABMAA MAA(−K − µ)MAA
)
(27)
Our effective action Seff is local in time, and so we
can extract an effective Hamiltonian by undoing the pro-
cedure used to write equation 12.We obtain an elastic
co-tunneling (EC) term
Hct = t
∑
σ
cˆ†1,σ cˆ2,σ + h.c, (28)
and crossed (CAR) and normal (AR) Andreev reflec-
tion terms
HAr = ∆eiφ+/2 cos(φ−/2)
∑
i,j
cˆ†i↑cˆ
†
j↓ + h.c, (29)
where φ± = 12 (φ1 ± φ2). t and ∆ can be read immedi-
ately from the effective action
t =
−2Γ2µ
K2(e−Kβ + 1)
(30)
∆ =
−2∆SΓ2
K2(e−Kβ + 1)
. (31)
Corrections to the effective action can be calculated
via a cumulant expansion [27, 28]. To do this, we write
Z ≈
∫
D[ψ¯, ψ]e−Seff (1− Spert + 1
2
S2pert − . . .). (32)
The first order correction is the thermal expectation
value of Spert in our effective approximation. This can
be written
〈Spert〉eff =
∫ β
0
dτGpert(τ)i,j〈Tτ ψ¯i(τ)ψj(0)〉eff . (33)
Here, Gpert is taken from the effective action (Eq.26) by
writing Spert[ψ¯, ψ] =
∫
)βdτdτ ′ψ¯Gpert(τ − τ ′)ψ. Exact
calculations of 〈Tτ ψ¯i(τ)ψj(0)〉eff are done in [27] for a
similar system to ours, and are of the order of e−|∆E|,
where ∆E is the spacing between lowest energy levels.
As we are interested in our system at degeneracy, this
will be ≈ 1. The integral over τ can be calculated by
substituting in Gpert
∫ β
0
dτGpert = Γ
2
K2(e−Kβ + 1)
e−KβM. (34)
This becomes exponentially small in the large β
limit, justifying our approximation at low temperatures.
Higher order terms in our cumulant expansion will scale
at higher powers of e−Kβ . This is thus an acceptable
approximation at low temperatures, but we need to be
aware of two sources of error that come from this ap-
proximation. Firstly, it will cause corrections to the
relative energy levels (as in [27]), and secondly it will
give any quasiparticles a finite lifetime on the order of
~/〈Spert〉eff . The energy corrections will not mix the
even and odd parity sections of the effective Hamiltonian,
and as we will show in the next section, this implies they
do not prevent the existence of Majorana bound states.
However, the finite quasiparticle lifetime will need to be
accounted for in any experimental design.
Previous results in the literature show that elastic co-
tunneling is to lowest order in tunneling amplitude equal
in magnitude and opposite in sign to crossed Andreev
reflection[33]. When higher order terms are included, EC
has a larger contribution [34], however the electromag-
netic environment [35] and Coulomb interactions [36] can
result in CAR being dominant instead. This is demon-
strated in recent experiments [31, 32].
An effective spin-orbit coupling is obtained by rotat-
ing the local magnetic field on dot 2, using the nano-
magnet shown in Fig. 1. This can be treated as a
uniform spin rotation on the respective site, sending
cˆ
(†)
2σ → cos(θ/2)cˆ(†)2σ + σ sin(θ/2)cˆ(†)2σ¯ . The effective Hamil-
tonian is then [21]:
7Heff =
∑
j,σ
′j cˆ
†
j,σ cˆj,σ − EZ
∑
j
(cˆ†j↑cˆj↑ − cˆ†j↓cˆj↓) + U
∑
j
cˆ†j↑cˆj↑cˆ
†
j↓cˆj↓ + t
∑
σ
(
cos(θ/2)cˆ†1,σ cˆ2,σ + σ sin(θ/2)cˆ
†
1,σ cˆ2,σ¯ + h.c.
)
+ ∆eiφ+/2 cos(φ−/2)
(∑
i
cˆ†i↑cˆ
†
i↓ +
∑
σ
(σ cos(θ/2)cˆ†1σ cˆ
†
2σ¯ − sin(θ/2)cˆ†1σ cˆ†2σ + h.c.)
)
. (35)
The effect of the magnetic flux through the quantum
dot Josephson junction can be found by altering Γn,j for
the coupling matrix M . This results in the elastic co-
tunneling term being universally multiplied by a factor
that comes from interference between the two possible
paths from one dot to the other.
t→ t cos
(
pi
2
φJ
φ0
)
, (36)
Crossed Andreev reflection is unaffected by the flux
through the junction, as the electron-hole time reversed
partners cancel the magnetic field. However, for normal
Andreev reflection, this new source of interference sums
with the phase difference between the possible parent su-
perconductors. This changes
cos(φ−/2)cˆ
†
i↑cˆ
†
i↓ → cos
(
φ−/2± pi
2
φJ
φ0
)
cˆ†i↑cˆ
†
i↓, (37)
where the positive sign is taken for i = 1 and negative
sign for i = 2.
IV. DEGENERATE GROUND STATES
For this section we will assume that the effective on-site
potential of the two dots has been tuned to the chemical
potential of the superconductors, which we define as our
zero of energy (1 + t = 2 + t = 0). A discussion of the
effects of the on-site energies deviating from this ‘sweet
spot’ has been presented elsewhere [11]. We will assume
for this section as well that there is no magnetic flux
passing between the dots (Λ = 0).
To investigate the appearance of Majorana bound
states in this system, we first investigate what freedom
we have to tune to a ground state degeneracy. Here, we
explicitly require this degeneracy to be between states
with different particle number parity, as these are pro-
tected against mixing. Due to this protection, we can
separate our basis states into even and odd sectors, re-
ducing the Hamiltonian to an 8×8 matrix for each. These
sectors cannot be split further by particle number or spin
when the superconducting or anisotropic Zeeman terms
are respectively present.
To characterise the system, in Fig. 2 we present sur-
face plots of the difference in energy between the lowest
energy even and odd particle number eigenstates (which
we call the even-odd excitation energy), for various sets
of parameters. For fixed values of t and ∆, there exists
a minimum value of U required for the degeneracy we
require (at t = ∆ and EZ = 0, this is at U = 3t; see Fig.
2.a). It should be noted that there exists no degeneracy
at U = 0, Z = 0 for any t or ∆; crossed Andreev reflec-
tion prevents our system realising a spinful Kitaev chain
in the non-interacting limit.
Above the minimum U value, the degeneracy can al-
ways be realized by tuning the superconducting phase
difference φ−. This is important, as whilst other pa-
rameters will be relatively constrained in an experiment,
the relative superconducting phases are freely tunable via
changing the flux ΦS through the superconducting loop,
as shown in Fig. 1. Furthermore, higher order corrections
from the cumulant expansion in Sec.III will not mix the
even and odd sectors, and thus, though they might cause
corrections to the position of the lines of degeneracy, they
will not remove the ability to tune to them.
It is also important to note that the even-odd de-
generacy can be reached for EZ at and near 0. When
EZ ≈ ±kBT , we expect a single MBS to be present on
either dot; the MBS will be different depending on the
sign of EZ . When EZ = 0, the well-known Kramers de-
generacy is also present in the odd parity states. The two
species of MBS on each dot then should form Kramers
pairs, as outlined in [20]. However, our system as de-
scribed does not have the means for protecting against
the mixing of the Kramers pairs, and so gapping out one
of the species by a small magnetic field EZ > kBT is
preferable. As we are requiring only small EZ , the spin-
orbit coupling angle θ will have negligible impact on the
eigenenergies (see Fig.2.b).
In the limit that U → ∞, the system can no longer
support states containing two electrons on a single dot.
This reduces our basis to five even particle number and
four odd particle number states. We break the Kramers
degeneracy and diagonalize our Hamiltonian for non-zero
EZ , but then consider the form of the wavefunctions as
EZ → 0. This provides a good approximation for the
negligible EZ case, where the Kramers degeneracy is only
broken on the order of the temperature.We will detail the
EZ > 0 results here - our procedure easily generalises to
the EZ < 0 sector, and to the EZ = 0 sector with the
mixing of the Kramers pairs.
At EZ = 0
+ , we find an even particle number state
|ΨE〉 with energy  = −
√
2∆| cos(φ−)|, and an odd par-
ticle number state |ΨO〉 with energy  = −t. The re-
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FIG. 3. Doublon (doubly occupied site) density for the lowest
energy even and odd states of the double quantum dot as U
increases. Other parameters are ∆ = t, θ = φ− = φ+ = 0,
EZ = 0. We see that the doublon density is fairly small for
most U > 3t (to the right of the dotted line), which is where
the ground state degeneracy is present. Thus the infinite U
approximation should be reasonably accurate for most sys-
tems where a degenerate ground state is present.
quirement for a degenerate ground state then is that√
2∆| cos(φ−)| = t. This requirement will be satisfied
at some φ− whenever
√
2∆ > t. From Fig. 2, we see
that this upper bound is lowered if U is finite. When
cos(φ−) > 0, the form of the two lowest energy eigen-
states are
|ΨE〉 = 1
2
[√
2eiφ+/4 − e−iφ+/4 cos(θ/2)(cˆ†1↑cˆ†2↓ + cˆ†2↑cˆ†1↓)
+e−iφ+/4 sin(θ/2)(cˆ†1↑cˆ
†
2↑ + cˆ
†
1↓cˆ
†
2↓)
]
|v〉, (38)
|ΨO〉 = 1√
2
[
cos(θ/4)(cˆ†2↑ − cˆ†1↑)
+ sin(θ/4)(cˆ†2↓ + cˆ
†
1↓)
]
|v〉. (39)
V. EVIDENCE FOR MAJORANA BOUND
STATES
We now present evidence for the existence of Majorana
bound states when our system is close to a degeneracy.
We continue to take the U →∞ limit, which is equivalent
to an assumption that doublons are not present. In Fig.
3, we see that for U much greater than the critical value
the doublon density has dropped to a negligible amount.
This implies that the following arguments should hold for
a large range of finite U also. Experimentally, quantum
dots can have charging energies of several meV, so that
U will typically be large.
As in any interacting problem, the form of the excita-
tions between two states is difficult to determine. It is
possible to show for this system that no excitation oper-
ators between |ΨE〉 and |ΨO〉 may consist only of single
creation or annihilation operators. For, consider the part
of the operator that would excite |ΨO〉 to the two particle
basis state components of |ΨE〉. This must not generate
doublons under our assumption, and so it must take the
form
e−iφ+/4A
[
−cos(θ/2)
cos(θ/4)
cˆ†2↓ −
cos(θ/2)
sin(θ/4)
cˆ†2↑
]
+e−iφ+/4B
[
cos(θ/2)
cos(θ/4)
cˆ†1↓ −
cos(θ/2)
sin(θ/4)
cˆ†1↑
]
.
Then, evaluating the action of our excitations upon
|ΨO〉, we find the following two equations which needs to
be fulfilled:
(A+B) cos(θ/2) tan(θ/4) =
1√
2
sin(θ/2)
(A+B) cos(θ/2) cot(θ/4) = − 1√
2
sin(θ/2).
However, these can never be satisfied simultaneously! As
such, an excitation made out of single products of cre-
ation and annihilation operators is not possible, which
forces our solutions to differ significantly from those stud-
ied in [6].
This result is not surprising. In general only non-
interacting systems can be guaranteed to have excitations
consisting of single products of creation and annihilation
operators. However, without this restriction, there is a
large degree of freedom in our choice of possible opera-
tors that excite between our ground states. The question
then is; if we were to write down an operator that has
the form of a Majorana bound state, would we be correct
in doing so?
The properties of Majorana bound states in non-
interacting systems are well-known [3, 4, 19]. We wish
to interpret the properties of these non-interacting exci-
tations in terms of the states they excite between. Then,
extending to the interacting case, if our system has these
properties the Majorana picture will be the correct way
to view it.
Firstly, to have a zero energy excitation, we require
|ΨO〉 and |ΨE〉 to be degenerate, as has been discussed
in the previous section. Then, we note that a general
non-interacting Majorana can be written γ = Cˆ + Cˆ†,
where Cˆ† is a sum of creation operators, and Cˆ is a sum
of annihilation operators. We want both of these terms
to excite between the ground states, as otherwise Cˆ and
Cˆ† are the excitations themselves, not γ. As such, we
require both 〈ΨE |Cˆ†|ΨO〉 and 〈ΨE |Cˆ|ΨO〉 to be non-zero.
In general, this will be satisfied as long as 〈ΨE |cˆ†i |ΨO〉 and
〈ΨE |cˆi|ΨO〉 are both themselves non-zero for i within the
region our MBS is localised to.
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FIG. 4. Surface plot of the even-odd excitation energy show-
ing the spinless Kitaev phase at large 1 = 2 = EZ , and
the DQD phase at vanishing EZ . Our other parameters are
∆ =
√
2t, θ = pi/2, and U = 10. We see that we can con-
tinuously transition from a system supporting Kitaev Ma-
jorana bound states (which are achieved as EZ → ∞ and
∆ cos(φ−/2) = t) to the Majorana bound states we study in
this paper (where EZ/t ≈ kBT ), whilst maintaining a degen-
eracy (white lines) at all times. This gives further evidence
that our description of the system as containing Majorana
bound states is accurate.
For our system, we want to consider excitations on
either the first or the second site, and thus we cal-
culate 〈ΨE |cˆ†1↑|ΨO〉 = 12√2 sin(θ/4), 〈ΨE |cˆ1↑|ΨO〉 =
1
2e
−iφ+/4 cos(θ/4). Similar results are found for the other
spin species and sites. We see that this condition does
hold for our system, except at θ = 0 (up to rotations of
2pi). This is expected, as spin-orbit coupling is known to
be required for Majorana bound states to exist [4].
Finally, as in [19], we require that our Majorana bound
states come in spatially separated pairs (i.e. pairs which
are separated by a distance greatly exceeding the expo-
nential localisation length). In our system spatial sepa-
ration is limited, as we only have two sites. This problem
is naturally dealt with in larger arrays of quantum dots,
which will be required to demonstrate existence of braid-
ing (which cannot be acheived with only two MBSs [3]).
For experimental realisation of localisation in our sys-
tem, we need to fine-tune our parameters enough that
the localisation length (which is a function of fluctua-
tions in the ground state energy gap) is much less than
a single site. This is especially important, as unlike the
quadratic protection found in the system of [11], the band
gap here grows linearly with our shift from the degener-
acy. However, we have great control over the supercon-
ducting phase difference φ− through the flux ΦS . For
small deviations from the degeneracy (∆E << EZ), we
would expect the MBSs to delocalise exponentially over
the system in a manner similar to the Kitaev chain [9]. At
deviations larger than this, mixing of Kramers pairs will
be the biggest concern, as our proposal does not protect
this in the way of [20].
We can relax the localisation condition somewhat, as
suggested in [21]. To do so, we note that a braiding con-
sists of evolving a creation operator by a phase eiφ. The
corresponding annihilation operator must then evolve by
the phase e−iφ, and so the number operator will be invari-
ant. We should thus be able to use any number operators
we wish to describe our Majorana bound state, whilst re-
taining the localization for the purposes of braiding by
insisting that single products of creation and annihilation
operators are restricted to a small number of neighbour-
ing sites. This argument is true for any spin rotation (as
we cannot spatially separate spins). As such, we define
the rotated number operators nˆiσρ by
nˆiσρ = cos
2(ρ/2)nˆiσz + sin
2(ρ/2)nˆiσ¯z
+
1
4
sin(ρ)(nˆiσx − nˆiσ¯x), (40)
which have corresponding rotated creation operators
cˆ†iσρ = cos(ρ/2)cˆ
†
iσ + σ sin(ρ/2)cˆ
†
iσ¯.
Our Majorana bound state is then a self-adjoint oper-
ator that excites each ground state to the other, made up
of products of these rotated number operators, and the
creation and annihilation operators from a single site. In
[21] it was required only that we consider the effect of
this excitation within the ground state subspace, but it
can be generalised to the entire 16 dimensional Hilbert
space. If we set ρ = pi2 − θ2 and η = pi2 + θ2 , and define
zˆiσ = 1− nˆiσ, (41)
gˆiσ = e
−iφ+/4cˆ†iσ + e
iφ+/4cˆiσ, (42)
gˆ′iσ =
1√
2
(eiφ+/4cˆ†iσ + e
−iφ+/4cˆiσ), (43)
then we can write operators γ1 and γ2 localized to site
1 and 2 respectively. These correspond to quasiparticles
with finite lifetimes as discussed in section III.
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γ1 = zˆ1↓{−gˆ1↑ cos(θ/4)zˆ2↑η zˆ2↓η + gˆ′1↑[sin(θ/4)(nˆ1↑η zˆ2↓η + nˆ2↓η zˆ2↑η) + cos(θ/4)(nˆ2↓η − nˆ2↑η)]}
+ zˆ1↑{gˆ1↓ sin(θ/4)zˆ2↑η zˆ2↓η + gˆ′1↓[cos(θ/4)(nˆ2↑η zˆ2↓η + nˆ2↓η zˆ2↑η) + cos(θ/4)(nˆ2↓η − nˆ2↑η)]} (44)
γ2 = zˆ2↓{gˆ2↑ cos(θ/4)zˆ1↑ρzˆ1↓ρ + gˆ′2↑[sin(θ/4)(nˆ1↑ρzˆ1↓ρ + nˆ1↓ρzˆ1↑ρ) + cos(θ/4)(nˆ1↑ρ − nˆ1↓ρ)]}
+ zˆ2↑{gˆ2↓ sin(θ/4)zˆ1↑ρzˆ1↓ρ + gˆ′2↓[− cos(θ/4)(nˆ1↑ρzˆ1↓ρ + nˆ1↓ρzˆ1↑ρ) + sin(θ/4)(nˆ1↑ρ − nˆ1↓ρ)]}. (45)
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FIG. 5. (main) Josephson current in the double quantum
dot, assuming parity is not conserved. Vertical lines indicate
the values of φ− required for a ground state degeneracy in the
system of matching colour. If a measurement was made slowly
enough, fluctuations in the parity of either superconductor
would ensure this is the case. (inset) the same plots, but with
conservation of parity, assuming we are either in the odd (top)
or the even (bottom) sector. A real measurement would likely
fall between the two, giving a measure of how well parity is
conserved.
Note that these operators are not unique; for example the
operator nˆ1↑ρnˆ1↓ρ does not act on |ΨE〉 or |ΨO〉 in this
limit, and so terms containing this operator can be re-
moved, allowing us to rewrite our Majorana bound state
in terms of products of no more then 5 creation and an-
nihilation operators. These operators specifically were
chosen as they act only on the finite energy states, and
have other properties which will be discussed in the next
section.
In order to provide further evidence that these oper-
ators should correspond to Majorana bound states, we
demonstrate a method by which our system can be con-
tinuously tuned to the one-dimensional wire model of Ki-
taev. If our on-site energies are locked to the energy of
the Zeeman field (1+t = 2+t = EZ), then we effectively
have a zero-energy on-site potential for spin-up electrons,
and an on-site potential for spin down electrons equal to
2EZ . In the limit as EZ → ∞, this removes the possi-
bility of spin down excitations. An effective Hamiltonian
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1
φ
−
/π
J J
EZ=0
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EZ=10t
EZ=100t
0 1 2í
0
1
Odd
Even
FIG. 6. Josephson current results for the even particle number
sector with increasing EZ , as we head towards the Kitaev
regime (θ = pi/2, EZ →∞). Vertical lines indicate the values
of φ− required for a ground state degeneracy in the system
of matching colour. We see that this has a similar effect to
increasing U , but the current through the even sector drops to
one quarter of the strength. This is due to the Kitaev regime
not being able to access as many even particle number states
to transmit current. (Inset) the odd particle number sector is
similar to the increasing U results also.
can then be written for the remaining states by removing
all terms that contain creation or annihilation operators
for spin down electrons, leaving
Heff = t cos(θ/2) cos(2Λ)cˆ†1↑cˆ2↑
−∆eiφ+/2 cos(φ−/2) sin(θ/2)cˆ†1↑cˆ†2↑ + h.c. (46)
We see that this is the superconducting wire model
of Kitaev for two sites. This system will then sup-
port Majorana bound states when t cos(θ/2) cos(2Λ) =
±∆ cos(φ−/2) sin(θ/2). In Fig. 4, we demonstrate the
possibility to tune between this limit and the previously
considered system with vanishing EZ , whilst retaining a
degeneracy at all times. This provides further evidence
for the existence of Majorana bound states in the small
EZ limit, as we do not see any evidence for a phase tran-
sition during this tuning.
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FIG. 7. The double slit-like interference pattern made by plotting the critical Josephson current as a function of the magnetic
flux through the quantum dot Josephson junction for the odd and even number parity sectors (labeled). We see that this
saturates as the electron-electron interaction term grows stronger, which can be explained by the current being carried by
chargeless particles. (Inset) the critical current assuming that the parity is not conserved. This pattern is caused by the
changing of the relative energies of the ground even and odd particle number parity eigenstates, and is not due to particle
interference.
If the large EZ limit could be achieved in an experi-
ment, it may have some advantages over wire systems in
which the signatures of Majorana bound states were pre-
viously measured. As the magnitude of the effective order
parameter can be tuned, it should be relatively easy to
find a region where Majorana bound states are present.
Also, as our dots are discrete, we should hopefully be able
to measure the localization of Majorana bound states in
a line of dots (where a similar limit presents itself) to the
ends, as others should have minimal conductance.
VI. CURRENT-PHASE RELATIONSHIP AND
FRAUNHOFER PATTERN
In this section we discuss the Josephson supercurrent
through the double quantum dot. Specifically, we study
the dependence of the supercurrent on the phase differ-
ence φ−, and its behaviour when the magnetic flux pass-
ing between the dots is changed. The Josephson super-
current can be calculated as the derivative of the free
energy with respect to the superconducting phase dif-
ference [29]J = ∂φ− − T ln
∑
i e
−Ei/T . In the limit of
infinite U , supercurrent is absent in the odd parity state,
as both local and crossed Andreev reflection are not pos-
sible [21]. By comparison, a Josephson current exists for
the even number parity sector, and is 4pi periodic in the
absence of relaxation. A measurement of the periodicity
of the Josephson current could then be used to determine
how well parity is conserved. If we start at some value
of φ− at which the system is non-degenerate, and tune
it through a degeneracy, we shift the energy levels until
they cross. If our system was perfectly conserving of par-
ity, our now-excited state would not be able to relax into
the new ground state, and the Josephson current would
either be 4pi periodic or flat, depending on the initial
state of the system. However, as we are still connected
to the superconducting leads, we would realistically ex-
pect some perturbation of these to occur after a finite
period of time that would break this parity conservation.
This would then correspond to a sudden jump to the
ground state, and a corresponding change in the Joseph-
son current. As the perturbation frequency increases, the
free energy would become a function of the entire system
rather than one parity sector. In Fig. 5, we plot this for
various values of U (with parity-conserving counterparts
inset, and vertical lines to indicate the values of φ− re-
quired for a ground state degeneracy). Measurements of
deviations from this plot as the sweep time (across φ−)
is decreased would then give a measure of the coherence
time of our system’s parity conservation.
If we measure the Josephson current as we increase EZ
whilst holding i = EZ (which takes us towards the effec-
tive Kitaev wire described previously), we find that the
behaviour mimics that for increasing U , except for one
difference. At large EZ , all four doubly occupied states
are gapped out save for one (where both electrons are
spin-up), and our current is thus reduced four-fold. This
is seen in Fig. 6. The similarity in behaviour between
increasing U and increasing EZ provides further evidence
that the Majorana bound state picture is correct for the
large U limit, as it has similar characteristics to the large
EZ limit where Majorana bound states are expected to
appear.
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In Fig. 7 we show the dependence of the supercur-
rent on the magnetic flux piercing the Josephson junc-
tion (see Fig. 1). The standard Fraunhofer pattern [30]
arises from interference of the supercurrent density in a
junction, which can be thought of as a single slit of finite
width. By contrast, we are considering a magnetic flux
tube between the dots, and only allowing electrons to
pass through either dot. This can be roughly considered
a double-slit for electron transport. As such, we expect a
double slit-like pattern in the critical current. We show
this in Fig. 7 for both the even and odd sectors, and the
entire system.
As U is increased, we see that the diffraction patterns
for either number parity sector saturate, but at differ-
ent levels. This is to be expected, as the even ground
state permits crossed Andreev reflection only, which has
no dependence on the flux between the dots, whereas the
odd ground state permits elastic co-tunneling only, which
does not permit Josephson current. However, it can also
be explained by tunneling through the Majorana bound
states. To see this, consider the product γ1γ2 of our Ma-
jorana operators. This can be written as the sum of two
parts, (γ1γ2)O + (γ1γ2)E , which act on the odd and even
sectors of the Hilbert space individually. Each term in
the odd sector must contain a lone creation or annihi-
lation operator from each site with either spin, and as
our operators only act on the finite energy states, where
fermion number is conserved, all terms will take the form
of cˆ†1cˆ2 (or the Hermitian conjugate), multiplied by an
appropriate number operator. This excitation then de-
scribes only elastic co-tunneling on the odd states. For
the even states, we calculate explicitly
(γ1γ2)E =
eiφ+/2√
2
(cos(θ/2)(zˆ1↓zˆ2↑cˆ2↓cˆ1↑ + zˆ1↑zˆ2↓cˆ1↓cˆ2↑)
+ sin(θ/2)(zˆ1↓zˆ2↓cˆ2↑cˆ1↑ + zˆ1↑zˆ2↑cˆ2↓cˆ1↓)) + h.c.
(47)
We see here that the excitation describes only crossed
Andreev reflection for the even states. The Majorana
picture then gives the expected result for Josephson cur-
rent, justifying it further.
The Josephson current through the total system (with-
out parity conservation) displays an interesting trait here,
as it retains the double-slit pattern, but picks up a pi
phase shift at U →∞. This is due to the Josephson cur-
rent in the even number parity ground state being the
highest when the state is the highest energy, which then
requires the odd number parity ground state to be higher
energy still. This energy is ΦJ -dependent in the manner
shown above. As such, this is not a pattern caused by
interference between electrons.
VII. CONCLUSION
We have investigated the double quantum dot model,
first proposed in [21] as a potential system to support Ma-
jorana bound states. We have derived an effective Hamil-
tonian of the system, and modeled the spectra, showing
a range of parameters for which the system should be
easily tunable to a degeneracy. In the limit as U → ∞,
we have written down the form of a Majorana bound
state that excites between the ground states. We have
shown that the degeneracy can be tuned continuously to
a system equivalent to the one-dimensional wire model
of Kitaev. Finally, we have discussed how measure-
ments of the Josephson current can display the conser-
vation of parity in the system, and a measurement of the
Fraunhofer-type effect associated with Josephson current
that disappears when current travels through chargeless
modes.
To the best of the authors’ knowledge this model
presents the first example of Majorana bound states in
a system with strong correlations, where they do not
present themselves as single-particle excitations. This
makes it important to justify the fact that these excita-
tions are Majorana-like in nature. The similarities to the
Kitaev model, and the existence of a continuous transi-
tion to this model presents a strong case, which is backed
up by the results from the Josephson current. While the
two-dot setup as proposed here is the simplest system to
construct Majorana bound states, observing non-Abelian
statistics from the many-particle Majorana bound states
demands larger systems to move the Majorana bound
states around each other. These larger systems will also
provide topological protection as the Majorana modes
are separated by the number of dots [9, 10].
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